A theoretical and experimental description of the threshold, amplitude and stability of a selfoscillating nanowire in a field emission configuration is presented. Two thresholds for the onset of self-oscillation are identified, one induced by fluctuations of the electromagnetic environment and a second revealed by these fluctuations by measuring the probability density function of the current.
I. INTRODUCTION
Research on Nanoelectromechanical systems (NEMS) has recently reached several important milestones in sensing 1 and quantum physics 2 . In addition, the non linear properties [3] [4] [5] [6] as well as the comprehension of the dissipation mechanisms of NEMS 7, 8 is attracting increasing interest. Although negative intrinsic damping in NEMS, i.e. self-oscillation 9 with nanoscale feedback has already been observed [10] [11] [12] [13] [14] an experimental study of its non-linear nature is still missing. The non-linear terms are crucial for a stable self-oscillator because they govern the amplitude of the AC output. In fact, these terms must contain a coefficient with the appropriate sign in order to reach a saturation regime where a stable limit cycle can form, otherwise the system amplitude might diverge. Moreover, depending on the sign of these coefficients a self-oscillating system can be either supercritical where it is possible to pass continuously from an immobile behavior to a self-oscillation regime, or subcritical with an abrupt jump to a self-oscillating state and hysteresis. A sub-critical self-oscillator is usually more non linear meaning a less pure output signal and more harmonics. A supercritical self-oscillator can be tuned in amplitude output down to zero while a subcritical one cannot.
Sub-critical self-oscilllation of a field emission NEMS was first observed in Ref. 11 in a bottom-up geometry with nanowire resonators (NWRs). In our previous investigations of the self-oscilllation of field emission NEMS, we focused on the description of a theoretical criterion to predict the linear instability 15 and a more detailed numerical analysis of the non-linear behavior in a model geometry was performed. 16 In this article, we will compare new and extensive experimental results with the linear and non-linear predictions for two SiC NWRs. The experimental set-up and the direct evidence of self-oscillation are shown in section II. Section III presents in detail the theoretical criterion that determines the selfoscillation threshold of our system, as well as a simplified and less obscure model. Then the method to test this model is presented which appears to fail to predict the threshold measured in section II. This failure comes from two reasons : i) experimental uncertainties to determine accurately all the physical parameters; ii) the existence of 2 thresholds in the system. This last point is explained and experimentally confirmed by studying AC current fluctuations in section IV. Finally, we propose a basic theoretical description of the nonlinear dynamics of our system and use this to analyze the amplitude and phase stability of our self-oscillator.
II. DIRECT EXPERIMENTAL DETERMINATION OF THE THRESHOLD
The experiment takes place in an ultra high vacuum chamber with a scanning electron microscope (SEM). It consists of a NWR attached to a tungsten tip positioned with an XYZ piezoelectric motor, in front of a metallic anode connected to the ground (see Table I and is proportional to the total current DC plus AC. The voltage SED is then calibrated and converted into current thanks to the average DC current measured by the electrometer for different value of the DC voltage. The NWR is manoeuvered in the vicinity of the anode with a piezoelectric motor, to find a favorable configuration for self-oscillations. In general it requires the NWR to be rather close to the counter electrode (less than 10 µm) and bent by electrostatic forces as shown in figure 1(b), although we observed self-oscillations sometimes in an apparently symmetric position. Spontaneous oscillations in the transverse direction are observed by SEM imaging when the DC voltage is above a threshold voltage (see figure   1 (c)).
After the first determination of the self-oscillation conditions, I DC -V DC curves were measured with the SEM beam OFF. In Fig. 1 (e), one notices that in contrast to what we reported in Ref. 11, the field emission DC current can reach a self-oscillating regime without DC current jumps and hysteresis. It is tempting to believe that a geometry with a supercritical transition has been obtained. However in the following it will be shown that the transition is still sub-critical (i.e with a discontinuity in vibration amplitude as a function of applied voltage). In fact, the jump in DC current becomes so small that it is below the noise level.
However another more important proof of a discontinuous response is still measurable and will be presented below.
For each DC voltage, the SED signal is typically recorded for 0.2 s in order to have about 100 points per period and determine the self-oscillation AC current amplitude with accuracy. In our experiment, the time dependent field emission total current is measured rather than the position x(t) to study the NWR. The field emission total current is a complex transduction of the motion of the NWR as it depends non-linearly on the apex voltage as well as the NWR position. The dependence of the current from the position comes from the field enhancement factor. This term depends on the electrostatic geometry such as the NWR radius, the distance between the NWR apex and counter electrode or the tungsten tip. This geometry is either fixed or determined by x(t), so it can be described by a single parameter the position x(t). Below the self-oscillation threshold, the thermomechanical noise of the NWR cannot be detected in the SED signal because the thermal noise is too small (see section III C). However the electrical noise has a white component high enough to reveal the resonance in the power spectrum density (PSD) of the total current (see fig. 2 (a)). In the self-oscillation state, the time dependent current, in its simplest form, is given by I tot (t) −Ī = I(t) = A cos(ωt − ϕ) where I tot (t) is the total field emission current,Ī is the DC current, A is the self-oscillation (i.e. AC) current amplitude, ω the self-oscillator angular frequency and ϕ its phase. A(t) and ϕ(t) are the two slowing varying degrees of freedom compared to the period of the self-oscillator. Their dynamics are described by two different differential equations. A(t) and ϕ(t) can be experimentally obtained from the filtered total current signal with the help of a Hilbert transform 19 :
where p.v. is the principal value. 
where x is the apex displacement in the direction perpendicular to the NW (x positive when the NW approach the anode, the sign convention is important here to determine the stability), C ′ is the spatial derivative in the x direction of the capacitance C, m* the effective mass of the NW, U the AC voltage, Q the quality factor and ω 0 /2π the resonance frequency.
The mechanical equation is coupled to a linearized electrical equation, obtained from Kirchhoff's law :
where I is the field emission AC current and R N W the nanowire resistance.
A. The Routh-Hurwitz criterion
Inserting Eq. 4 in 3, we get :
The stability of this dynamical system can be checked with the Routh-Hurwitz criterion (see 
To fulfill this criterion we showed in Ref. 15 and 16 that it is easier but not absolutely necessary to firstly have :
and secondly
where R is the equivalent resistance of the 2 parallel resistances of the circuit, i.e. the field emission resistance and the nanowire resistance.
B. Simplified model
A drawback of the Routh-Hurwitz criterion is that it obscurs the physical origin of the selfoscillation regime. A less rigorous criterion can be obtained by simply looking for a stationary solution x(t) = X cos(ω 0 t) where X is the amplitude of self-oscillation. By inserting this solution into the electrical equation 4, the voltage can be expressed as function of x anḋ
Then this expression can be used to replace U in Eq. 3 to obtain:
where δω 2 is the frequency tuning due to the electromechanical coupling γ is the effective damping and Γ =
. Self-oscillation will take place if the damping goes to zero.
It requires first, that the term with the spatial derivative of the AC current is higher than the term with C ′ (the so called electrostatic damping 21 
So the RHE essentially differs from the simplified model by 2 terms that are negligible as long as the relation 8 is verified and Q is high.
C. Comparison between the model and the experiment
In principle, the Routh-Hurwitz criterion should give the value of the threshold for selfoscillation. However, this voltage is very sensitive to the values of some parameters (see below) and measuring the corresponding experimental parameters with a high accuracy is not always possible due to their DC voltage dependence and the instability of the field emission DC current. It turns out that it is illusive to try to make an accurate prediction of the threshold due to these experimental uncertainties. More importantly, as it will be explained in the next section, more accurate measurements of the experimental parameters couldn't even predict the threshold measured in section II. Nevertheless, we succeeded in obtaining reasonable experimental estimates of all the physical parameters : compared to our first studies 11 , this time mostly all values are measured and not simply guessed from somewhat questionable theoretical considerations. Moreover the model has been qualitatively confirm by varying some experimental parameters and comparing the expected and measured variation in the threshold. Some aspects of the model will also be tested in the next section.
We need to measure m * , ω 0 , Q, R N W , From this measurement, the amplitude of the expected thermo-mechanical noise at the resonance mentioned in section II can be calculated by :
For the experimental condition of Fig. 2 (a) , √ S Ixth (f 0 ) = 18 fA/ √ Hz whereas the experi-mental peak is at 1.6 pA/ √ Hz. So the origin of the resonant peak is not the thermomechanical noise. As the nanowire is actuated electrostatically a voltage white noise can induce a peak in the PSD at the resonant frequency. Theoretically, for our sample, the voltage noise due to the field emission shot noise dominates the Johnson noise from the nanowire resistance and gives a peak of amplitude :
This value is still an order of magnitude lower than the experimental peak indicating that another source of white noise, that we couldn't identify is responsible for this peak. Observing the thermomechanical noise would require a better quality factor or lower nanowire resistance.
From Table I , it appears that relation 7 is well verified for sample 1 and not for sample 2.
For this last sample, this indicates that self-oscillation is possible even for low voltage drop along the NWR and that less power is dissipated by Joule heating. We also checked the validity of the relation 8 for ω 0 RC at different resistances values on the same sample. To achieve that, we lowered, step by step, the resistance of sample 1 by annealing the nanowire at increasing temperature. Before the first annealing, the pristine resistance was about 20
GΩ and self-oscillation took place at the first mode frequency, 20 kHz. Table I shows a case at lower resistance value where it was the second mode at higher frequency and not the fundamental that self-oscillates because ω 0 RC was then closer to 1. In this case ω 0 RC =15 instead of 100 for the first mode. So our measurements confirm qualitatively the expected dependence of the self-oscillation threshold on the physical parameters. ) that has been measured for one voltage only and then extrapolated thanks to the Fowler-Nordheim expression. The RHE increases linearly and changes sign for a certain voltage that we call the Routh-Hurwitz threshold listed in Table I .
The voltage uncertainty presented on the tables includes only the scattering on the available data and essentially the noise on (
∂I ∂U
). This do not include the noise of ( mechanical equations can be replaced by the equivalent resonator of Eq.10. The damping γ/2π given by the simplified model (Figure 3 (a) ) is less than 10 Hz and roughly agrees with the data from the PSD of the total current. In the PSD, the duration of the signal limits the resolution to 5 Hz and the signal to noise ratio allows just to say that the width of the peak is equal or smaller than approximately 10 Hz. However, increasing the duration of the signal couldn't improve the resolution as will be explained in section IV E. The calculated thresholds are higher than the one obtained from the amplitude of self-oscillation and this apparent discrepancy would remain even with more accurate measurements. It comes from the fact that our model doesn't takes into account fluctuations and non-linearities. The next section will explain the reason of the existence of two thresholds.
IV. STUDY OF FLUCTUATIONS AND NON-LINEARITIES IN THE CURRENT
As explained in the introduction, self-oscillations are possible thanks to non-linearities in the dynamics to compensate the sign of the negative linear damping at high amplitude.
Furthermore, the presence of hysteresis as observed in Fig. 2 (c) is a clear evidence of non-linear effects and indicates that the linear model presented in the previous section will miss some aspect of the underlying physics. In this section, we will study the non-linear dynamic of our NWR in the bistable regime and the self-oscillating state by measuring current fluctuations.
A. Current fluctuations in the bistability regime
The NWR fluctuations can be studied by analyzing the time dependence of the field emission total current for a fixed DC applied voltage. From this time dependent data the current probability density function (PDF) can be extracted. Independently, after an Hilbert transform, the amplitude A(t) and phase ϕ(t) of the self-oscillator can be obtained. The phase data will be presented at the end of this section. The time average of A(t) has already been presented in Fig. 2 given by a linear fit of Figure 4 (b). We reported this voltage as the PDF threshold in Table   I . This term will be justified in the next subsections. The voltage uncertainty is also given by the fit. This voltage is an extrapolation of the data as, once the experimental threshold is crossed (i.e. in the self-oscillating regime), the PDF is no longer Gaussian. The PDF threshold is significantly different than the experimental threshold. In the self-oscillating state, i.e. above the experimental threshold, the PDF has a totally different shape with two peaks as shown on Fig. 4(c) .
B. Existence of 2 thresholds in the bistability regime
To interpret the shape of the PDF, the simplified linear model described by Eq. 10 needs to be extended. We will focus on the dynamical behavior of the AC amplitude of the field emission current because it is the total current that is measured with the SED and not the position x(t). Deducing an equation for the AC current from the dynamical voltage and position equations is rather tedious due to the number of possible non linear terms. A simple phenomenological non-linear equation for the time dependent AC current defined in section II as I(t) = I tot (t) −Ī is :
where η(t) is due to the fluctuations (thermal, shot noise ...), f(I) is responsible for the change of sign of the dissipation and the self-oscillation behavior as well as for the saturation of the AC current due to non-linear dissipative terms.
In the non self-oscillating state, the distribution of AC current due to fluctuations is obtained from the stationary solution of the corresponding Kramers equation 23 . If the zero order term in f(I) is only considered for the moment and if the fluctuations spectrum is white and constant, the distribution is Boltzmannian of the form exp(−(m ef f ω 2 I 2 + m ef fİ 2 )/2k B T ef f ) where m ef f is an effective mass, k B the Boltzmann constant and T ef f the effective temperature in our case larger than the room temperature due to electronic noise.
As only the fluctuations in I and not inİ are measured, this distribution can be integrated overİ to get the AC current distribution. So, the distribution of I, P(I), i.e. the PDF of I, is Gaussian, to first order in the non self-oscillating state :
It can be seen, from this expression that -log(P(I)) is a measure of the potential (here parabolic) felts by the dynamical degree of freedom I.
According to the linear models of section III, for a certain voltage V * , the linear damping should cancel and the zero order term in f(I) should be of the form ω 0 /Q+α(V DC −V * ) with α > 0. Hence, in the bistable region and in the self-oscillating state higher order terms in f(I) will start to play a role. To illustrate, we used the simplest form of f(I) in the subcritical case, where a and b are supposed constant and positive :
In these regimes, the amplitude A(t) of the self-oscillator and its phase, defined as before as
where A > 0 and phi is a real number, are more suitable to study the dynamic of the system. So this expression is inserted into Eq. 16. Then the method to solve this equation is based on a 2 time scales approach. A fast time scale of the oscillator related to 2π/ω 0 and a slower time scale related to the time evolution of the amplitude and phase.
After separation of the cos and sin terms, we obtain dynamical equations reformulated in the rotating frame 24 :
where we defined F ef f as the effective force applied on an equivalent overdamped particle at the position A(t) and
A Duffing term was not included in Eq. 16 as it will only influence the phase and not the amplitude of self-oscillation and can be considered as a simple shift of the frequency of oscillation. The stationary solutions of this system show that the phase can take any value and in the bistable regime, there are 3 equilibrium amplitudes : two stableĀ = 0 and A s given by : and one unstable A u : can remain in this state till a voltage V exp2 < V exp1 . Now, the PDF of A can be obtained from the corresponding Fokker Planck equation 23 .
where W(A,t) is the probability for the self-oscillator to have an amplitude A at the time t, D is the diffusion coefficient related to the noise η. The PDF of A,W (A), is the stationary solution of the Fokker Planck equation :
where a 0 , a 1 and a 2 are related to α, a and b,W 0 andW s are some prefactors. W has been expanded aroundĀ the amplitude of self-oscillation. The predicted distribution of A is also
Gaussian to first order. β is a parameter that depends on the previous coefficients and is related to the inverse of the Gaussian width of the distribution. The relationship between the PDF of I and the PDF of A is given by :
where P(I,A) is the usual probability density of finding an oscillator at the "position" I when its motion is a cosine with an amplitude A.
C. Analysis of the PDF in the bistability regime
Experimentally, V exp1 corresponds to the voltage where the average AC current amplitudē A jumps for a voltage up-sweep in Fig. 2 (c) (reported as the experimental threshold in Table   I ) as well as the voltage where the shape of P(I) changes abruptly in Fig. 4 (c) . Similarly, Close to this threshold, a departure from a Gaussian fit starts to be visible in the PDF due to a higher order term (see Fig. 4 (d) ). Though too few data points in voltage were taken to determine whether this term is constant or not. Theoretically we could observe this non-linear term for lower voltages but it would require an acquisition time incompatible with the field emission total current stability and the 1/f noise because for lower voltage, the damping is higher, so the parabola coefficient is stronger and high amplitude fluctuations that can sense a higher order term become less probable.
It appears in this subsection that measuring the PDF gives the value of the experimental threshold V exp1 as well as the Routh-Hurwitz (or linear) threshold V * : V exp1 is obtained when the PDF shape changes abruptly whereas V * is deduced by extrapolating B to the voltage where it cancels (i.e. the PDF threshold). The PDF is a more powerful tool to study self-oscillations than for instance the PSD. This comes from the fact that i) For the same temporal measurement of the total current the resolution of the resonance peak in the PSD is insufficient to extract the evolution of the damping as stated in section III C and ii) the PDF rely only on the AC current amplitude and so is insensitive to the phase noise contrary to the PSD.
D. Amplitude of current in the self-oscillating regime Equation 24 gives the typical shape of the PDF of I with its two peaks as observed in Fig. 4(c) above threshold. It is remarkable that the form of the PDF is very different for a self-oscillator compared to a noise driven resonator, whereas the peak in a PSD is should induce a dependence. We conclude that the non-linear behavior of the self-oscillator controlling the saturation as well as the span of the hysteresis region cannot be described by our simplified first order non-linear model probably because of the high amplitude of the AC current and vibration or because the terms a and b have a voltage dependence.
E. Phase of the self-oscillator
The phase is the parameter that determines the stability of a self-oscillator for its use as a time base. The Allan deviation is used to quantify this stability as it quantifies the stability on different time scales. We computed this Allan deviation from the argument of the Hilbert transform (i.e. the phase ϕ of the AC current) : where the t i are different times separated by a time τ and the notation <> τ means a time average during a time τ around t i . The minimum of the Allan deviation is generally above 10 ms for both samples. Fig. 7 (a) shows a typical Allan plot for sample 1. Due to the instability of the field emission process and the 1/f noise observed in the PSD of the emission total current, the Allan deviation increases for times above several tens of ms. This long term phase drift will make the width of the resonance peak in the PSD larger for longer duration of the signal although the frequency resolution of the Fourier transform will increase. That's why, the determination of the intrinsic damping of the resonator from the PSD is limited even for long recording time. However our measurements are performed at room temperature while in the literature the Allan deviation in NEMS is usually given at cryogenic temperature. Our samples might well reach the state of the art of NEMS if the measurements were made at a lower temperature.
V. CONCLUSION
In this article, we performed an experimental and theoretical study of a self-oscillating field emission NEMS with intrinsic feedback and measured numerous physical parameters controlling the phenomenon. A simple linear model was shown to predict qualitatively the cancelation of the damping close to the self-oscillation threshold. We demonstrated that the amplitude of self-oscillation is quite large and comparable to the DC signal flowing through the circuit. Although hysteresis in the IV characteristics can be removed, the system remains intrinsically subcritical with abrupt jumps in the self-oscillation amplitude. The PDF of the AC current has been used to demonstrate the coexistence of 2 thresholds in the system.
One related to the cancelation of the linear damping and a lower one depending on the noise amplitude. The PDF is more useful than the PSD to study self-oscillation thresholds.
The stability of the oscillator is reasonable for a NEMS but remains too low for practical purposes. Due to the high amplitude of vibration, the non-linear dynamics of the system cannot be described by a simple model and would require a deeper theoretical analysis.
This work opens the door for the study of the synchronization of such highly non linear self-oscillators.
